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UJGRKE;M"NGRFPFH~FHPUd@ ³};M"Q NR}4TVE;URFHG<NdTVP TVL"QRKIF1QRF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Q
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SMBGRKP;~FHPU _NHY;GJGRFHPUJLBD{;FHSiFHL"KEF{<TVU UJ}Fs `ﬂG2TVY;PQRN2}	¹ﬂFHMBmTVP{MBPUJ}F 6MBP;MBURF^_L"FH~FHPU
LBMBI;G2TVGJD  ﬁﬀ ﬂﬂ]? UJ}FO¸4Kd¹Q2KLBSiFHGM"QI4TQRF{KP @
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 {W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 
{ |¡|xT{ w<Mx@  wqy x@1z
6LBY;M"{o¸4Kd¹Q[NdTVPIF {;FQRNHGJMBIF{I	DﬁTQJD(QRURFH~ KVtE4TVGJUJMTVL {M FHGRFHP	UJMTVL NKPQ2FHGJSTVUJM"KP®FXY4TVUJM"KPQd
P4TV~FHLBDzUJ}F NKPQRFHGJS=TVUJM"KPKVt.~pTQ2Qd~K~FHP	UJY;~TVP{ﬁFHPFHGJ=Di@ ¯PﬁUJ}F NdTQRF KVt.MBPSM"Q2NHM"{o¸4Kd¹Qd
UJ}FONKPQRFHGJS=TVUJM"KPWKVt~K~FHPUJY;~ºM"Q=MBSiFHPID UJ}FONK~mE;GRFQRQRMBI;L"FZ^_Y;L"FHGFXY4TVUJM"KPQd;¹}FHGRFdTQMBP
UJ}F-~KGRFciFHPFHG2TVLNdTQRFcKVtTZS(M"QRNKYQ ¸4Kd¹¨MBUﬂM"Qﬂ{;FQ2NHGJMBIF{ I	DUJ}FcNK~mE;GRFQRQJMBI;L"FbTS(M"FHGfegURKhiFQ
FX	Y4TVUJM"KPQy@ ³}FOFX	Y4TVUJM"KP{;FQ2NHGJMBI;MBP;UJ}FONKPQRFHGJS=TVUJM"KPWKVt6FHPFHGJ=D<MBPNHLBY{;FQS(M"QRNKYQURFHGJ~Q-TQ
¹.FHLBL;¹}FHGRFdTQ-UJ}FONKP	UJMBPY;MBU¯DWFXY4TVUJM"KPW{;FNHGJMBI;MBP;UJ}FZNKPQ2FHGJSTVUJM"KPWKVt«~pTQRQM"QUJ}FOQ°TV~FtuKG
MBP	S(M"QRNHM"{WTVP{1S(M"QRNKYQ¸4Ky¹Qd@
©-t URFHP%UJ}F ¹}KL"F QRFHU KVt-NKPQRFHGJS=TVUJM"KPvFX	Y4TVUJM"KPQ*M"Q¤GRFtuFHGJGRF{%URKzTQ*UJ}F<NK~mE;GRFQRQJMBI;L"F<^_Y;L"FHG
FX	Y4TVUJM"KPQcTVP{NK~mE;GRFQRQJMBI;L"F[bcTdSM"FHGfegURKhiFQcFX	Y4TVUJM"KPQy;GRFQJEFNHUJMBSiFHLBDi@ ³};M"QP4TV~mMBP;<NKP	SiFHP

UJM"KPM"Q-T{;KE;URF{1MBPWUJ}FtuKLBL"Ky¹MBP;@
¯P NdTQRFKVtUJ}F^_Y;L"FHG FX	Y4TVUJM"KPQy£UJ}FQRD(QJURFH~KVtE4TVGJUJMTVLﬂ{M FHGRFHPUJMTVLﬂFXY4TVUJM"KPQZM"Q¤KVt}	D(EFHGﬀ
IKLBM"NZU¯D(EF=;UJ}FHGRFtKGRFOUJ};M"Q-U¯D(EFZKVt_QJDQJURFH~ M"QI;GJM"F¸DN2}4TVG2TNHURFHGJMBxdF{WMBPUJ}FOtuKLBL"Ky¹MBP; QRFNHUJM"KP @
KLBL"Kd¹MBP;ﬁUJ}FQRFpiFHPFHG2TVL.GRFH~pTVGJhQ¤UJ}F TNHUJY4TVL.QRD(QJURFH~Q¤NKPQJM"{;FHGRF{ }FHGRF=P4TV~FHLBDUJ}F ^_Y;L"FHG
TVP{bTS(M"FHGfegURKhiFQ-FXY4TVUJM"KPQd4TVGRFO=MBSiFHPMBPﬁg(FNHUJM"KPQj?@]?mTVP{W?@]\;GRFQREFNHUJMBSiFHLBDi@
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
Xcﬃ`ba[¨ZSV³[?cﬃ`Í^ d(V[ cﬀ^ d(V[ﬁﬂ
cMBSiFHPzT¤P4TVL UJMB~F
T > 0
;UJ}FctuKLBL"Ky¹MBP; QJDQJURFH~ KVt_NKPQRFHGJS=TVUJM"KPWFX	Y4TVUJM"KPQy
∂
∂t
u +
d∑
i=1
∂
∂xi
f ci (u) = 0
MBP
(0, T ] ×Ω,
u(0, ·) = u0(·) MBP Ω,
?@BA
M"QNKPQJM"{;FHGRF{4¹}FHGRF
Ω
M"QT IKY;P{;F{NKP;PFNHURF{W{;K~pTVMBPMBP
R
d  d ≥ 1  u = (u1, . . . , um)T 
Fc(u) = (f c1(u), . . . , f cd(u))
TVP{
f ci : R
m → Rm  i = 1, . . . , d ﬂTVGRFWNKP	UJMBP	YKYQRLBD {M FHGﬀ
FHP	UJMTVI;L"F=@ ¯PﬁE4TVGJUJM"NHY;LTVGdUJ};M"QO¹.KGJhﬁ¹MBLBL IF NKPNFHGJPF{¹MBUJ}UJ}FmQRKLBY;UJM"KP KVtﬂUJ}Fﬃ! #"$ &%&'$()"+*-,
QJDQJURFH~ KVt«NKPQ2FHGJSTVUJM"KPWFXY4TVUJM"KPQd
∇ · Fc(u) = 0 MBP Ω, ?@]? 
QJY;IJFNHUjURKTVE;E;GRKE;GJMTVURF IKY;P{TVGJDzNKP{MBUJM"KPQO{;FQRNHGJMBIF{zIFHL"Kd¹Z@?@BAM"QNdTVLBL"F{o}	D(EFHGJIKLBM"N=
M7t6UJ}FZ~pTVUJGJM7²
B(u,ν) :=
d∑
i=1
νiAi(u)
?@]\ 
}4TQ
m
GRFdTVLFHMBiFHP	S=TVLBYFQTVP{vToNK~mE;L"FHURF<Q2FHU KVtjLBMBPFdTVGJLBD®MBP{;FHEFHP{;FHP	UFHMBiFHP	SiFNHURKGRQtuKGmTVLBL
SiFNHURKGRQ
ν = (ν1, . . . , νd) ∈ Rd @pCcFHGRF= Ai(u) ∈ Rm×m {;FHPKURFQ¤UJ}F§	TNKI;M.~pTVUJGJM7²KVtUJ}F
¸Y²
f ci (u)
;M@ F=@
Ai(u) :=
∂
∂u
f ci (u), i = 1, . . . , d.
?@ a 
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¯PoKGR{;FHGjURK {;FQRNHGJMBIF¤TpY;P;M"X	YF[E;GRKI;L"FH~UJ}F*QJDQJURFH~ºKVt NKPQRFHGJS=TVUJM"KPﬁFX	Y4TVUJM"KPQ?@BA~[YQJU
IFpQJY;E;E;L"FH~FHP	URF{®¹MBUJ}%TVE;E;GRKE;GJMTVURFIKY;P{TVGJDNKP{MBUJM"KPQ6tKG[F²;TV~mE;L"F TVUZMBP¸4Kd¹VKY;U!¸4Ky¹
IKY;P{TVGJM"FQy;MBUM"QGRFXY;MBGRF{1UJ}4TVU
B−(u,n) (u− g) = 0, KP Γ ?@]l 
¹}FHGRF
n
{;FHPKURFQ*UJ}FY;P;MBU KY;U¯¹TVGR{%PKGJ~pTVL.SiFNHURKG*URKWUJ}FpIKY;P{TVGJD
Γ = ∂Ω
TVP{
g
M"Q*T
 =MBSiFHPﬂSiFNHURKGtuY;PNHUJM"KP @ CcFHGRF=
B±(u,n)
{;FHPKURFQ-UJ}FOEK=QRMBUJMBSiF PFH	TVUJMBSiFZE4TVGJU-KVt
B(u,n)

B±(u,n) = PΛ±P−1,
?@] 
¹}FHGRF
P = [r1, . . . , rm]
{;FHPKURFQ UJ}F
m × m ~pTVUJGJM7²`KVtZFHMBiFHP	SiFNHURKGRQ ri KVt B(u,n) TVP{
Λ+ =
{MTV
(max(λi, 0))
TVP{
Λ− =
{MTV
(min(λi, 0))
UJ}F
m × m {MTViKP4TVL-~pTVUJGJM7²%KVtjUJ}F
EK=QRMBUJMBSiF PFH	TVUJMBSiF[FHMBiFHP	S=TVLBYFQ
λi
KVt
B(u,n)
¹MBUJ}
Bri = λiri

i = 1, . . . , d
@
 
ﬀZcﬃ`cﬀ^ d(V[
³}F¤^ Y;L"FHGcFXY4TVUJM"KPQKVt_NK~mE;GRFQ2QJMBI;L"F*	TQj{D(P4TV~mM"NQj{;FQ2NHGJMBI;MBP;1TVPzMBP	S(M"QRNHM"{W¸Y;M"{¸4Ky¹GRFHE

GRFQRFHP	UcTVPMB~mEKGJU2TVPUjF²TV~mE;L"FZKVt«UJ}F}	D(EFHGJIKLBM"NOE;GRKI;L"FH~ ?@BA@ﬁ¯P1U ¹.KpQRE4TNF°e{MB~FHPQJM"KPQd
UJ}F*SiFNHURKGKVt NKPQ2FHGJSTVUJMBSiF*S=TVGJMTVI;L"FQ
u
TVP{WUJ}F NKP	SiFNHUJMBSiF*¸Y²;FQ
f ci

i = 1, 2
 TVGRF¤{;FPF{
I	D
u =


ρ
ρv1
ρv2
ρE

 , f c1(u) =


ρv1
ρv21 + p
ρv1v2
ρHv1

 TVP{ f c2(u) =


ρv2
ρv1v2
ρv22 + p
ρHv2

 , ?@ w
¹}FHGRF
ρ

v = (v1, v2)
T  p
TVP{
E
{;FHPKURFjUJ}Fc{;FHPQJMBU DiSiFHL"K(NHMBU¯D SiFNHURKGd(E;GRFQRQJY;GRFTVP{ QJEFNHM74N
URKU2TVL£FHPFHGJ=Di;GRFQJEFNHUJMBSiFHLBDi@ {;{MBUJM"KP4TVLBLBDi
H
M"QUJ}FZURKU2TVL£FHP	UJ}4TVLBED1=MBSiFHPI	D
H = E +
p
ρ
= e+ 12v
2 +
p
ρ
,
?@]| 
¹}FHGRF
e
M"Q<UJ}FoQREFNHM74NﬁQJU2TVUJM"NoMBP	URFHGJP4TVL¤FHPFHGJ=DicTVP{¨UJ}FoE;GRFQRQJY;GRFoM"Q{;FHURFHGJ~mMBPF{ ID`UJ}F
FX	Y4TVUJM"KPzKVt«QJU2TVURF[KVt_TVP1M"{;FdTVL 	TQ
p = (γ − 1)ρe, ?@] 
¹}FHGRF
γ = cp/cv
M"QmUJ}F1G2TVUJM"K KVtQREFNHM74N1}FdTVU<NdTVE4TNHMBUJM"FQ<TVU NKPQJU2TVP	U E;GRFQRQJY;GRF=
cp
ﬂTVP{
NKPQJU2TVP	UﬂSiKLBY;~F=
cv
itKG.{GJDpTVMBGTVU ~K({;FHG2TVURF-URFH~mEFHG2TVUJY;GRFQd
γ = 1.4
(UJ}FUJ}FKGRFHUJM"NdTVLS=TVLBYF
tuKGO{Y4TVURK~mM"Nm	TQ2FQct GRK~ UJ}F h(MBPFHUJM"N UJ}FKGJDoKVtﬂ	TQRFQdM"QZT<iK(K{TVE;E;GRKd²(MB~pTVUJM"KP URK S=TVLBYFQ
KI;U2TVMBPF{ID ~FdTQJY;GRFH~FHPURQd@ ³}FO¸Y²1§TNKI;MTVPQ
Ai(u)
{;FPF{MBP ?@ a TVGRFO=MBSiFHPWI	D
A1(u) =


0 1 0 0
−v21 + 12 (γ − 1)v2 (3− γ)v1 −(γ − 1)v2 γ − 1
−v1v2 v2 v1 0
v1
(
1
2 (γ − 1)v2 −H
)
H − (γ − 1)v21 −(γ − 1)v1v2 γv1

 ,
A2(u) =


0 0 1 0
−v1v2 v2 v1 0
−v22 + 12 (γ − 1)v2 −(γ − 1)v1 (3− γ)v2 γ − 1
v2
(
1
2 (γ − 1)v2 −H
) −(γ − 1)v1v2 H − (γ − 1)v22 γv2

 .
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6MBP4TVLBLBDi;UJ}FZFHMBiFHP	S=TVLBYFQcKVt6UJ}F~pTVUJGJM7²
B(u,n) =
∑2
i=1 niAi(u)
TVGRF
λ1 = v · n− c, λ2 = λ3 = v · n, λ4 = v · n + c ?@BAd 
¹}FHGRF
c =
√
γp/ρ
{;FHPKURFQjUJ}F[QJEFF{KVt QRKY;P{@µﬂKPQJM"{;FHGJMBP;<UJ}FZQJMB=PQcKVt
λi

i = 1, . . . , 4

¹.FZ{M"QRUJMBP;=Y;M"QJ}1tKY;G-NdTQRFQKVt«IKY;P{TVGJDNKP{MBUJM"KPQ ?@]l H¶
• QJY;EFHGRQRKP;M"NOMBP¸4Ky¹Z¶ λi < 0  i = 1, . . . , 4 
• QJY;IQRKP;M"NZMBP¸4Kd¹Z¶ λi < 0  i = 1, 2, 3  λ4 > 0 
• QJY;IQRKP;M"N[KY;U!¸4Kd¹Z¶ λ1 < 0  λi > 0  i = 2, 3, 4 TVP{
• QJY;EFHGRQRKP;M"NZKY;U!¸4Ky¹Z¶ λi > 0  i = 1, . . . , 4 @
ª;tuUJ}NdTQRFmKVt.IKY;P{TVGJDzNKP{MBUJM"KPQ¤NdTVPoIF¤tuKY;P{TVU¹TVLBL"Qd¹}FHGRF TVUL"FdTQJU jUJ}F*PKGJ~pTVL
NK~mEKPFHPUjKVt«UJ}F¸4Kd¹ STVP;M"QJ}FQy¶
v · n = 0 GRFQJY;LBUJMBP;MBP1UJ}FtKLBL"Kd¹MBP;<FHMBiFHP	S=TVLBYFQd¶
• ¹ﬂTVLBL¶ λ1 = −c < 0, λ2 = λ3 = 0, λ4 = c > 0 @
^ TNR}FHMBiFHPSTVLBYFmQJ~pTVLBL"FHGcUJ}4TVPoxdFHGRK<NKGJGRFQREKP{;QcURKTVPzMBP¸4Ky¹¦N2}4TVG2TNHURFHGJM"QJUJM"N=@O³}F¤P	Y;~[IFHG
KVt STVGJMTVI;L"FQcURKpIF[E;GRFQRNHGJMBIF{oKPoUJ}F[IKY;P{TVGJD{;FHEFHP{;QKPzUJ}F[PY;~[IFHGKVt MBP¸4Ky¹ªNR}4TVG2TN 
URFHGJM"QJUJM"NQd@
 
^ NVcﬃ`md/[	Oc cﬀ^d(V[
³}FONK~mE;GRFQRQJMBI;L"FZ^ Y;L"FHG-FX	Y4TVUJM"KPQjNdTVP1IFOF²URFHP{;F{URK S(M"QRNKYQ¸4Kd¹QI	DNKPQJM"{;FHGJMBP;<T{;{M 
UJM"KP4TVLSM"QRNKYQ ¸Y²;FQd@_³};M"QﬂL"FdT{;Q.URK¤UJ}FcN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vh
IKUJ}ﬁIFHL"KP;1URKUJ}F
P;MBURF FHL"FH~FHPU*QRE4TNF
V
p
h
@ ¯P9T{;{MBUJM"KP 6QRMBPNFUJ}FPY;~FHGJM"NdTVLQRKLBY;UJM"KP
uh
M"Q¤{M"QRNKP	UJMBPYKYQ
IFHU ¹.FFHP FHL"FH~FHPU<MBPURFHG!tTNFQy-UJ}FW¸Y² Fc(u) · n ~[YQJUIFGRFHE;LTNF{¨I	D T ( ﬃ ﬁ-*-%  "! 1  
t Y;PNHUJM"KP H(u+h ,u−h ,n)
_¹};M"NR}v{;FHEFHP{;Q¤KP%IKUJ} UJ}F MBP	URFHGJM"KGfe%TVP{%KY;URFHGfe	UJG2TNFKVt
uh
KP
∂κ

κ ∈ Th TVP{1UJ}FZY;P;MBU-KY;U ¹ﬂTVGR{zPKGJ~pTVL n URK ∂κ @ﬂ³}FHGRFHI	D1UJ}F[scM"QRNKPUJMBP	YKYQOTVL"FHGJh(MBP
6MBP;MBURFZ^_L"FH~FHP	Uc{M"QRNHGRFHUJMBxyTVUJM"KPzKVt?@]? M"Q=MBSiFHPzTQtKLBL"Kd¹Qd¶_P{
uh ∈ Vph
QRYNR}UJ}4TVU
∑
κ∈Th
{
−
∫
κ
Fc(uh) : ∇vh { x +
∫
∂κ
H(u+h ,u−h ,n)v+h
{
s
}
= 0 ∀vh ∈ Vph.
\@ a 
³};M"Q QRNR}FH~F<M"Q NdTVLBL"F{9{M"QRNKP	UJMBPYKYQOTVL"FHGJh(MBP ~FHUJ}K({9KVt-{;FH=GRFF
p
_KG*MBP9QJ}KGJUd

s
p

~FHUJ}K{2@
KG.FHL"FH~FHPURQ
κ ∈ Th ¹}K=QRFIKY;P{TVGJM"FQ.MBP	URFHGRQRFNHUﬂUJ}4TVU KVtUJ}FNK~mE;Y;U2TVUJM"KP4TVL{;K~pTVMBP Ω  u−h
}4TQOURKIF¤GRFHE;LTNF{®I	DTVE;E;GRKE;GJMTVURFmIKY;P{TVGJDﬁNKP{MBUJM"KPQ¤KPUJ}F EKGJUJM"KPKVt
∂κ
tuKGO¹};M"N2}
∂κ ∩ Γ 6= ∅ @KG~KGRFZ{;FHU2TVMBL"QjTVIKY;UIKY;P{TVGJDNKP{MBUJM"KPQtKGUJ}FONK~mE;GRFQRQJMBI;L"FZ^_Y;L"FHGcTVP{
bcTdSM"FHGﬀfgURKhiFQcFXY4TVUJM"KPQdQRFF[g(FNHUJM"KPz\@ a@
³}FGRFHE;LTNFH~FHPU*KVtUJ}Fm¸Y² Fc(u) · n I	DUJ}FmPY;~FHGJM"NdTVL.¸Y²ﬁtuY;PNHUJM"KP H(u+h ,u−h ,n)
KP
UJ}F-IKY;P{TVGJDpKVt£FHL"FH~FHPU
κ

κ
MBP Th (NKGJGRFQJEKP{;QﬂURK[UJ}F-¹ﬂFdTVhpMB~mEK=QJMBUJM"KP<KVt UJ}FjIKY;P{TVGJD
{TVU2T@
¯U*QJ}KY;L"{ IF PKURF{«UJ}4TVU¤UJ}F<NR}KM"NFKVtcTP	Y;~FHGJM"NdTVL¸Y²tuY;PNHUJM"KP%M"Q[MBP{;FHEFHP{;FHP	UKVtUJ}F
P;MBURF[FHL"FH~FHPUcQJE4TNF¤FH~mE;L"KdDiF{@  P{;FF{UJ}F[P	Y;~FHGJM"NdTVL6¸Y² H(·, ·, ·) ~pTdD1IF¤NR}K=QRFHPzURKIF
TVP	D<U¯¹ﬂK e	EKMBPUj~KPKURKPF  MBEQRNR};MBUJx[t Y;PNHUJM"KP1¹};M"N2}zQ2TVUJM"Q!4FQUJ}FOtuKLBL"Ky¹MBP;U¯¹ﬂKNKP{MBUJM"KPQd¶
 M  H(·, ·, ·)|∂κ M"QNKPQJM"QJURFHPU¹MBUJ}UJ}F¸Y² Fc(·) · n tKGFdTNR} κ MBP Th M@ F=@
H(v,v,n)|∂κ = Fc(v) · n ∀κ ∈ Th;
 MBM  H(·, ·, ·) M"Q NKPQRFHGJSTVUJMBSiF=	M@ F=@6=MBSiFHP TVP	D*U¯¹ﬂKOPFHMB=}	IKY;GJMBP;¤FHL"FH~FHPURQ κ TVP{ κ′ t GRK~ªUJ}F
P;MBURF¤FHL"FH~FHP	U-E4TVGJUJMBUJM"KP Th 4TVU-FdTNR}WEKMBPU x ∈ ∂κ ∩ ∂κ′ 6= ∅ ;PKUJMBP;pUJ}4TVU nκ′ = −n 
MBU}KL"{;QUJ}4TVU
H(v,w,n) = −H(w,v,−n).
³}FHGRF TVGRF QRFHSiFHG2TVL PY;~FHGJM"NdTVL ¸Y²ﬁtuY;PNHUJM"KPQ¤Q2TVUJM"QJt D(MBP;1UJ}FQRFpNKP{MBUJM"KPQy6QRYNR}%TQ[UJ}FK 
{Y;PKdSZ^_P;iXY;M"QJUfe©cQJ}FHGd T ²	e ;GJM"F{GJM"N2}Qd[jKF®KGUJ}F·cM JTdD	TQJY;P{TVG2TV~ ¸Y²ctuKGzF²;TV~ 
E;L"F=@ cQ[F²TV~mE;L"FQdU¯¹ﬂKz{M FHGRFHP	U¤P	Y;~FHGJM"NdTVL.¸Y²FQ*TVGRFpNKPQJM"{;FHGRF{®}FHGRF=¶[UJ}F  L"K(NdTVL  T ²	e
;GJM"F{GJM"NR}Q-¸Y²WTVP{UJ}FO·cM JTdD	TQJY;P{TVG2TV~ ¸Y²@
³}F 	
ﬀﬁﬂﬃﬁ! #" HLF (·, ·, ·) M"Q{;FPF{I	D
HLF (u+,u−,n)|∂κ = 12
(Fc(u+) · n + F c(u−) · n + α (u+ − u−)) , \@]l 
tuKG
κ ∈ Th ¹}FHGRF α M"QUJ}FO~pT ²MB~[Y;~ºKySiFHG u+ TVP{ u− 
α = α
(
u+,u−
)
= max
v=u+,u−
{|λ(B(v,n))|}, \@] 
KVtUJ}FLTVGJiFQJU FHMBiFHPSTVLBYF MBPpTVIQRKLBY;URFSTVLBYF |λ(B)| KVtUJ}F~pTVUJGJM7² B(v,n) = ∑di=0 niAi(u)
{;FPF{1MBP ?@]\ H@
Ad
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
	

 
    
³}F     "ﬁ   	  "  HV (·, ·, ·) 4M"Q{;FPF{ID
HV (u+,u−,n)|∂κ = B+(u¯,n)u+ +B−(u¯,n)u− tuKG κ ∈ Th, \@ w
¹}FHGRF
B+(u¯,n)
TVP{
B−(u¯,n)
{;FHPKURFUJ}FEK=QJMBUJMBSiF TVP{PFH	TVUJMBSiFE4TVGJURQdNt!@ ?@] H£KVtUJ}F
~pTVUJGJM7²
B(u¯,n)
;GRFQREFNHUJMBSiFHLBDiFHS=TVLBY4TVURF{zTVU-TVPoTSiFHG2TViF[QRU2TVURF
u¯
IFHU¯¹ﬂFFHP
u+
TVP{
u−
@
 
 
UWV  Í` c­d(V³^ d(V[ [  d  c ³[]\Xﬃ`@c )OVYaZc

^ ﬃVc ` md/[	Oc 
cﬀ^ d(V[
¯P%UJ}FptuKLBL"Ky¹MBP;_UJ}FpMBPURFHGJM"KG EFHP4TVLBU D  ﬃ Z{M"Q2NKP	UJMBP	YKYQ OTVL"FHGJhMBP9{M"QRNHGRFHUJMBxyTVUJM"KP KVtUJ}F
NK~mE;GRFQRQJMBI;L"FzbcTdSM"FHGﬀfgURKhiFQ<FX	Y4TVUJM"KPQ<TNNKGR{MBP;®URKCTVGJUJ~pTVP;P TVP{`CjKYQJURKP BAHa4Adl-M"Q
MBP	UJGRK({YNF{@ PT{;{MBUJM"KP1URK*UJ}FcPKU2TVUJM"KP1MBP	UJGRK({YNF{1MBPUJ}FcE;GRFHSM"KYQQ2FNHUJM"KPQdTSiFHG2TViFZTVP{
fY;~mEKEFHG2TVURKGRQtKGSiFNHURKGﬀﬂTVP{~pTVUJGJM7² STVLBYF{tuY;PNHUJM"KPQ}4TdSiFOURK IF{;FPF{@.³£K UJ};M"QFHP{
L"FHU
κ+
TVP{
κ−
IFﬂU¯¹ﬂK¤T{VRTNFHP	U FHL"FH~FHPURQ.KVt Th TVP{ x IFTVPpTVGJI;MBUJG2TVGJD EKMBP	U KPmUJ}FMBPURFHGJM"KG
F{iF
e = ∂κ+∩∂κ− ⊂ ΓI @ŁoKGRFKdSiFHGdL"FHU v TVP{ τ IF.SiFNHURKGﬀ«TVP{m~pTVUJGJM7² S=TVLBYF{ tuY;PNHUJM"KPQd
GRFQJEFNHUJMBSiFHLBDiUJ}4TVUTVGRFcQJ~K(KUJ} MBPQJM"{;FcFdTNR}1FHL"FH~FHPU
κ ∈ Th @ gY;EFHGRQRNHGJMBE;URQ ± MBP v± := v|∂κ±
TVP{
τ± := τ |∂κ±
{;FHPKURF*UJ}F¤UJG2TNFQcKVtJGRFQJEFNHUJMBSiFHLBDi
v
TVP{
τ
KP
e
U2TVhiFHPotuGRK~º¹MBUJ};MBPﬁUJ}F
MBP	URFHGJM"KGcKVt
κ±
@ ³}FHP ;UJ}F[TSiFHG2TViFQcTVU
x ∈ e TVGRFZ{;FPF{I	D
{v} = (v+ + v−)/2 TVP{ {τ} = (τ+ + τ−)/2. \@]| 
gMB~mMBLTVGJLBDiUJ}F!Y;~mEWTVU
x ∈ e M"Q=MBSiFHPI	D
[[v]] = v+ ⊗ nκ+ + v− ⊗ nκ− .
\@] 
©jPzT*IKY;P{TVGJDF{iF
e ⊂ Γ UJ}F[KEFHG2TVURKGRQcTVGRFOQRFHUURK {v} = v  {τ} = τ TVP{ [[v]] = v ⊗ n @
bjKURF=UJ}4TVUtuKG-UJ}FfY;~mEoTVP{WTSiFHG2TViF¤KEFHG2TVURKGRQ-UJ}FOIKY;P{TVGJD<tuY;PNHUJM"KP
g
M"QPKUMBPSiKLBSiF{@
KG-~pTVUJGJM"NFQ
σ, τ ∈ Rm×n  m,n ≥ 1 UJ}F[QJU2TVP{TVGR{PKU2TVUJM"KP σ : τ = ∑mk=1∑nl=1 σklτkl M"Q
YQRF{ T{;{MBUJM"KP4TVLBLBDi4tKGSiFNHURKGRQ
v ∈ Rm,w ∈ Rn ;UJ}FZ~pTVUJGJM7² v ⊗w ∈ Rm×n M"Qj{;FPF{ID
(v ⊗w)kl = vk wl
@
NNKGR{MBP;URK BAHa 6UJ}F[MBPURFHGJM"KGEFHP4TVLBU DW{M"QRNKP	UJMBPYKYQOTVL"FHGJh(MBPo{M"Q2NHGRFHUJMBxyTVUJM"KPKVt UJ}F¤NK~ 
E;GRFQRQJMBI;L"FZbTS(M"FHGfegURKhiFQ-FXY4TVUJM"KPQ?@BA=AM"Q=MBSiFHPI	D¶«P{
uh ∈ Vph
QJYN2}UJ}4TVU
N (uh,v) ≡ −
∫
Ω
Fc(uh) : ∇hv { x +
∑
κ∈Th
∫
∂κ\Γ
H(u+h ,u−h ,n+) · v+
{
s
+
∫
Ω
Fv(uh,∇huh) : ∇hv { x−
∫
ΓI
{Fv(uh,∇huh)} : [[v]] { s \@BAd 
+
∫
ΓI
θ{G>(uh)∇hv} : [[uh]] { s+
∫
ΓI
δ[[uh]] : [[v]]
{
s+NΓ(uh,v) = 0
tuKGpTVLBL
v
MBP
V
p
h
 ¹}FHGRF
δ
{;FHPKURFQmUJ}F1{M"Q2NKP	UJMBP	Y;MBU DvEFHP4TVLBMBxyTVUJM"KP ~pTVUJGJM7²@ ©jPFEK=QRQJMBI;L"F
NR}KM"NF[M"QQRFHUJUJMBP;
δ =
{MTV {δi, i = 1, . . . , 4} ¹}FHGRF
δi|e = C  µp
2
h˜
tuKG
e ⊂ ΓI ∪ Γ, \@BA=A
h˜ = min(
~FdTQ
(κ),
~FdTQ
(κ′))/
~FdTQ
(e)
GRFHE;GRFQRFHP	URQ<UJ}FoFHL"FH~FHP	U1{MB~FHPQJM"KP KGJUJ}KiKP4TVLURK
A=A
 







	

	


	

 
    
UJ}FZF{iF
e
KVt FHL"FH~FHP	URQ
κ
TVP{
κ′
T{VRTNFHP	U-URK
e
TVP{
C  
M"Q-TmEK=QJMBUJMBSiF[NKPQJU2TVP	Ud¹};M"NR} 4tuKG
GRFdTQRKPQ-KVt«QJU2TVI;MBLBMBU¯Di4~[YQJU-IFON2}K=QRFHPWQJY
pNHM"FHPUJLBD1LTVGJiF

@
6MBP4TVLBLBDi;UJ}FOIKY;P{TVGJD<URFHGJ~QMBPNHLBY{;F{MBP NΓ(uh,v) TVGRFZ=MBSiFHPI	D
NΓ(uh,v) =
∫
Γ
HΓ(u+h ,uΓ(u+h ),n+) · v+
{
s+
∫
Γ
δ
(
u+h − uΓ(u+h )
) · v+ { s,
−
∫
Γ
n · FvΓ(u+h ,∇hu+h )v+
{
s
+ θ
∫
Γ
(
G>Γ (u
+
h )∇hv+h
)
:
(
u+h − uΓ(u+h )
)⊗ n { s.
\@BAd? 
CjFHGRF= UJ}FmSM"Q2NKYQIKY;P{TVGJDo¸Y² FvΓ
TVP{UJ}FmNKGJGRFQJEKP{MBP;W}K~KiFHPFHMBU¯DURFHPQRKG
GΓ
TVGRF
{;FPF{1I	D
FvΓ(uh,∇uh) = Fv(uΓ(uh),∇uh) = GΓ(uh)∇uh = G(uΓ(uh))∇uh.
\@BAd\ 
;Y;GJUJ}FHGJ~KGRF= KP9T{MTVI4TVUJM"N IKY;P{TVGJM"FQ
Γ '(	 ' ⊂ ΓW  FvΓ
TVP{
GΓ
TVGRFp~K{M74F{%QJYN2} UJ}4TVU
n · ∇T = 0 @ 4KG[TVP®T{V!KMBPU[NKPQJM"QJURFHPUZ{M"QRNHGRFHUJMBxyTVUJM"KP KVtﬂIKY;P{TVGJDoURFHGJ~Qd QRFF BA=A=_Ad? ¯ T
P	Y;~FHGJM"NdTVLIKY;P{TVGJD<¸Y²t Y;PNHUJM"KP HΓ M"Q{;FPF{1I	D
HΓ(u+h ,uΓ(u+h ),n) = n · F cΓ(u+h ) = n · F c(uΓ(u+h )),
\@BAHa 
¹}FHGRFOUJ}FOIKY;P{TVGJD<t Y;PNHUJM"KP
uΓ(·) ¹MBLBL£IFO{;FPF{1MBPﬁg(FNHUJM"KPz\@]l@
  
[ﬁﬀ 	Ù^`

³[ 	Ved(V[
³}FIKY;P{TVGJD tuY;PNHUJM"KP
uΓ(u)
M"Q1=MBSiFHPTNNKGR{MBP; URKvUJ}FU¯D(EFKVt*IKY;P{TVGJD NKP{MBUJM"KP
MB~mEK=Q2F{@ ¯P{;FHU2TVMBL¶
uΓ(u) = gD
KP
Γ   	 , uΓ(u) = u
KP
Γ  ,
uΓ(u) =
(
(gD)1, (gD)2, (gD)3,
p(u)
γ − 1 +
(gD)
2
2 + (gD)
2
3
2(gD)1
)T
KP
Γ   	
   ,
\@BAdl 
TVP{
uΓ(u) =
(
u1, u2, u3,
p 
γ − 1 +
u22 + u
2
3
2u1
)T
KP
Γ   
  .
\@BAd 
CjFHGRF=
p ≡ p(u) {;FHPKURFQmUJ}F<E;GRFQRQJY;GRF1FHS=TVLBY4TVURF{9YQJMBP;ﬁUJ}F1FXY4TVUJM"KP9KVtQJU2TVURF ?@] H@ 4KG
SM"Q2NKYQ¸4Kd¹Qd4QRFHU
uΓ(u) = (u1, 0, 0, u1cvT ).'+ + )
T KP Γ &   ,
TVP{
uΓ(u) = (u1, 0, 0, u4)
T KP Γ & '(	 ' .

* ,<!'(ﬀ/4*$;ﬀ  ( $%'ﬀ&9:
C  = 10
!"+*7;@ (A 	!"ﬀ	B
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6MBP4TVLBLBDituKGMBPSM"Q2NHM"{¸4Kd¹QdQRFHU
uΓ(u) =


1 0 0 0
0 1− n21 −n1n2 0
0 −n1n2 1− n22 0
0 0 0 1

u KP ΓW , \@BAyw
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{=I;Y;U6UJ}FHD[{;FHLBMBSiFHG_FQJUJMB~pTVURFQ«KVtUJ}F ~pTV=P;MBUJY{;FKVt4UJ}FﬂFHGJGRKGd@ ¯tUJ}FQRFﬂFQJUJMB~pTVURFQ
TVGRFTVE;E;GRKE;GJMTVURF=	UJ}FHD*URFHP{mURKxdFHGRKMBPmUJ}FQ°TV~F¹ﬂTDTQ«UJ}FF²TNHU FHGJGRKG {;K(FQd@  PpT{;{MBUJM"KPURK
TIFHUJURFHG£GRFHE;GRFQRFHPU2TVUJM"KPmKVtL"KNdTVL(FHGJGRKGRQdVUJ}FQRF MBP{M"NdTVURKGRQ«TVLBL"Kd¹%URK-QJY;~Y;E[L"K(NdTVLNKPUJGJMBI;Y;UJM"KPQ
MBP1KGR{;FHGURKmKI;U2TVMBPWTVPFQRUJMB~pTVURFOKP1UJ}F=L"KI4TVL FHGJGRKGd@_³}KY;=}WQJYNR}1MBP{M"NdTVURKGRQjTVGRFjiFHPFHG2TVLBLBD
~KGRFNK=QJUJLBD9UJ}4TVP`QJMB~mE;L"F1tuFdTVUJY;GRF I4TQRF{ KPFQdﬂUJ}FWT{;{MBUJM"KP4TVLjF	KGJUM"QmI4TVLTVPNF{`MBP ~K=QJU
NdTQRFQ.I	Dm~KGRFTNNHY;G2TVURFHLBDGRFPF{pUJGJMTVP;=Y;LTVUJM"KPQy@ ³}FHGRFtuKGRF=KP;LBDmUJ}FcQRFNKP{pNHLTQ2Q.KVt£FHGJGRKG
MBP{M"NdTVURKGRQ¹MBLBL IFONKPQJM"{;FHGRF{W}FHGRF=@
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
Vcﬃ`@^ `   ÙV&³^ÙZ]c `ﬂ`@[`c ;d(VS\_^ d(V[
´SiFHGJDQJMB~mE;L"F¹ﬂTDKVtFQJUJMB~pTVUJMBP;zUJ}FFHGJGRKGZM"QOI4TQRF{®KP};M"FHG2TVGRNR};M"NdTVLTVE;E;GRK²MB~pTVUJM"KPQd@ ¯P
UJ}FmNdTQRFmKVt
h
e	GRFPFH~FHP	UmTQRFNKP{TVE;E;GRK²MB~pTVUJM"KP
uh/2
URKUJ}FmQ2KLBY;UJM"KPM"QZKI;U2TVMBPF{KP®T
=L"KI4TVLBLBDGRFPF{UJGJMTVP;=Y;LTVUJM"KP @ jQRMBP;mUJ}FtTNHUdUJ}4TVUUJ}FZFHGJGRKGURFHP{;Q-URKmxdFHGRKmMBPUJ}FZNdTQ2FZKVt
=L"KI4TVL GRFPFH~FHP	U¤MBUZNdTVPIFmTQRQRY;~F{UJ}4TVUZUJ}FmFHGJGRKG
e(h/2)
KPUJ}F GRFPF{UJGJMTVP;=Y;LTVUJM"KP 
~FdTQJY;GRF{%MBP9TVPvTVE;E;GRKE;GJMTVURFPKGJ~_M"Q*QJ~pTVLBLNK~mE4TVGRF{%URKWUJ}FFHGJGRKG
e(h)
KP UJ}F<KGJMB=MBP4TVL
UJGJMTVP;=Y;LTVUJM"KP ¶ ‖e(h/2)‖  ‖e(h)‖ @_³};M"Q¹TD1UJ}FOFHGJGRKG-NdTVPIFZTVE;E;GRK²MB~pTVURF{zI	D
uh/2 − uh =
(
u− e(h/2)
)
−
(
u− e(h)
)
= e(h) − e(h/2) ≈ e(h). l@BA
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³};M"Q6E;GRKNF{Y;GRFTVLBL"Kd¹Q6URKcFHSTVLBY4TVURFﬂUJ}F.=L"KI4TVL(FHGJGRKG TQ¹.FHLBLTQ6L"KNdTVL(NKP	UJGJMBI;Y;UJM"KPQd@_CcKd¹ﬂFHSiFHGd
QRKLBS(MBP;®UJ}FzE;GRKI;L"FH~ KP¨T=L"KI4TVLBLBD`GRFPF{`~FQJ} M"QpURK(K®F²EFHPQJMBSiFWMBP ~K=QJUNdTQRFQd@ ³}F
T{TVE;UJMBSiFoGRFPFH~FHP	U1E;GRK(NFQRQpM"Q MBP	UJGRK({YNF{ MBP KGR{;FHGURK%TSiKM"{ YQJMBP;%=L"KI4TVLjGRFPFH~FHPURQd@
³}F1F	KGJUKVtOQRKLBS(MBP;ﬁUJ}FE;GRKI;L"FH~ KP`To=L"KI4TVLBLBD GRFPF{ UJGJMTVP;=Y;LTVUJM"KP KP;LBD%URKFHSTVLBY4TVURF
UJ}FFHL"FH~FHP	URQ<¹MBUJ} LTVGJiFzFHGJGRKGRQpQRFFH~Q {M"QJE;GRKEKGJUJM"KP4TVURF=@ ³}FQRKLBY;UJM"KP KI;U2TVMBPF{`MBP UJ};M"Q
MBP	URFHGJ~F{MTVURF=L"KI4TVLGRFPFH~FHP	UM"Q.~KGRFjTNNHY;G2TVURFcUJ}4TVPpUJ}4TVUKPpUJ}FjPF²(UT{TVE;UJMBSiFHLBDGRFPF{
UJGJMTVP;=Y;LTVUJM"KP @[³}KY;=}ﬁUJ};M"QcE;GRKNF{Y;GRF NdTVPQJUJMBLBL6}FHLBEQ2TS(MBP;1NFHLBL"QjMBPﬁUJ}F*NKY;GRQRF KVt.QRFHSiFHG2TVL
GRFPFH~FHP	UQJURFHEQﬂMBUQJ}KY;L"{<PKU.IFcNKPQJM"{;FHGRF{1TZYQRFtuY;LKE;UJM"KP=@ ©jUJ}FHGFHGJGRKGMBP{M"NdTVURKGRQNdTVP
TNR};M"FHSiF[GRFdTQRKP4TVI;L"FZFQJUJMB~pTVURFQ-¹MBUJ}~[YN2}WL"FQRQF	KGJUd@
  
	u[¨V da ^?c 	 V  	]V&³^ d/[` 
©jI;U2TVMBP;MBP;pUJ}FZQ2KLBY;UJM"KPKVt_T*¸4Ky¹ 4FHL"{1M"QMBP1~pTVPDTVE;E;LBM"NdTVUJM"KPQjKP;LBD<UJ}FOPFNFQRQ2TVGJDQJURFHEKP
UJ}Fm¹ﬂTdDURKFHS=TVLBY4TVURFpNFHGJU2TVMBP®U2TVGJiFHUZt Y;PNHUJM"KP4TVL"Q
J(u)
£¹};M"N2} {;FHEFHP{®KPUJ}FpQRKLBY;UJM"KP @  P
TFHGRK{D(P4TV~mM"NTVE;E;LBM"NdTVUJM"KPQOMB~mEKGJU2TVP	UOU2TVGJiFHUtuY;PNHUJM"KP4TVL"Q[TVGRF¤tuKGRNFmTVP{o~K~FHP	UJY;~NKF	

NHM"FHP	URQd@ -PTNNHY;G2TVURFOQRKLBY;UJM"KPKVt6UJ}F-¸4Ky¹ M"QKP;LBD PFF{;F{MBP1KGR{;FHGURKmTNR};M"FHSiFZ};MB=}WTNNHY;G2TNHD
MBPUJ}FQRFXY4TVP	UJMBUJM"FQd@_jPFHGJGRKG MBP{M"NdTVURKG.UJ}4TVU ~FdTQJY;GRFQ_UJ}FFHGJGRKG.KVtUJ}FQRFXY4TVP	UJMBUJM"FQ.MBPQJURFdT{
KVtUJ}F¸4Ky¹kFHGJGRKG*MBURQRFHL7tM"Q[{;FQJMBG2TVI;L"F=@zgYN2} MBP{M"NdTVURKGRQ NdTVP%{GJMBSiF T  ' " '$* % ﬁ-(  ﬁ "%T{TVE;UJMBSiF
GRFPFH~FHP	Ud;MBP<¹};M"NR}1UJ}FjUJGJMTVP;=Y;LTVUJM"KP1M"QKP;LBDGRFPF{<MBPUJ}K=QRF-GRFH=M"KPQUJ}4TVU}4TdSiFcFHGJGRKGRQﬂMBP
UJ}F¸4Kd¹ STVGJMTVI;L"FQ¹};M"N2}zNKPUJGJMBI;Y;URFZLTVGJiFHLBDURK UJ}FZFHGJGRKG-KVt«UJ}FOQRFHL"FNHURF{1U2TVGJiFHUtuY;PNHUJM"KP4TVL@
µﬂKPQJM"{;FHGdtKGF²;TV~mE;L"F=TVPWTVMBG!tuKMBLMBPWT QJY;EFHGRQRKP;M"N¸4Ky¹Z@  }FHGRFdTQMBUM"QPFNFQRQ2TVGJD<URK GRFQRKLBSiF
UJ}F¹}KL"FIKy¹ QJ}K(NRhpMBPtuGRKP	UKVt6UJ}FL"FdT{MBP;F{iFMBPKGR{;FHGURKmKI;U2TVMBPWTVPWTNNHY;G2TVURFZQRKLBY;UJM"KP
KVtﬂUJ}F*¸4Ky¹ª4FHL"{ MBUO}4TQIFFHPQJ}Ky¹PMBP BAd\;_Ad UJ}4TVUOMBUOM"QZQJY
pNHM"FHPUZURKGRFQRKLBSiFmUJ};M"Q[QJ}KN2h
MBP UJ}FS(M"NHMBP;MBU¯DvKVtcUJ}FzTVMBG!tuKMBL.M7tKP;LBD%UJ}FtKGRNF1NKF	
pNHM"FHPURQ<TVGRFURKﬁIF1FHS=TVLBY4TVURF{@`³KIF
~KGRFpE;GRFNHM"Q2F=GRFP;MBP;ﬁQRK~F GRFH=M"KPQ[¹MBUJ}9QJ~pTVLBL"FHG*NR}4TVP;iFQ MBP®UJ}F¸4Kd¹Z«¹};M"N2}9TVGRF MBP®UJ}F
SM"NHMBP;MBU DﬁTVP{oY;EQJUJGRFdTV~ KVtﬂUJ}FmTVMBG!tuKMBL~mMB=}UOE;GRKdSiF ~KGRFmF	FNHUJMBSiF UJ}4TVPﬁGRFQRKLBSMBP;UJ}F IKd¹
QJ}K(NRh1tTVG-tuGRK~UJ}F¤L"FdT{MBP;1F{iF=@ };MBL"F¤QRYNR}ﬁiFHPFHG2TVL_NKPQJM"{;FHG2TVUJM"KPQO}FHLBEﬁY;P{;FHGRQJU2TVP{MBP;
UJ}FpE;GJMBPNHMBE;L"F<KVtiKiTVLKGJM"FHP	URF{vT{TVE;UJMBSiF<GRFPFH~FHP	Ud TVP9TNNHY;G2TVURF ~FHUJ}K({ URKM"{;FHP	UJM7tuDUJ}F
MB~mEKGJU2TVPNF KVtNFHGJU2TVMBP®¸4Kd¹GRFH=M"KPQZtuKG[UJ}FFHSTVLBY4TVUJM"KP KVtU2TVGJiFHUZt Y;PNHUJM"KP4TVL"Q[M"QZPFF{;F{URK
FHP4TVI;L"F¤QRYNR}TmE;GRK(NF{Y;GRF[URKp¹.KGJhMBPziFHPFHG2TVL@-³}F[Q2KLBY;UJM"KPoKVt.TVP "#" '+% () 
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'%$ ﬁﬃ¥E;GRKySM"{;FQcUJ};M"Q-MBPtuKGJ~pTVUJM"KP @scY4TVL ¹.FHMB=}URF{ﬁGRFQJM"{Y4TVL"QGRFHE;GRFQRFHPUjGRFHLBMTVI;L"F[MBP{M"NdTVURKGRQ
KVt6UJ}F[FHGJGRKGMBP1URFHGJ~Q-KVt«U2TVGJiFHUtuY;PNHUJM"KP4TVL"Qd@

'(
# =+J'43])
³}FtKLBL"Kd¹MBP;pU2TVGJiFHUt Y;PNHUJM"KP4TVL"QcTVGRFOYQRFtuY;LtuKG-TFHGRK({DP4TV~mM"N¤TVE;E;LBM"NdTVUJM"KPQd¶
• ﬃ_GRFQRQRY;GRFOMBP{YNF{W{G2TV TVP{LBM7tuU-NK(F	
pNHM"FHP	URQd¶ cdp TVP{ clp
J(u) =
1
q∞ l¯
∫
ΓW
pn · ψ { s, l@]? 
%- ﬀ *	((!>ﬃ!"	$2*0%ﬀ  0ﬁﬃ/ ﬁ	%'& !"$;:ﬃ ﬀ	( $%"ﬀ9 	$ *:;	%" $2*%"%>= ﬀ $ﬀ (?ﬃﬁ!'*$;	% *3ﬃ!"	$ 9 * = $ ﬀ *  4(* $%'ﬀﬂ !"
ﬃ ﬀ+ $ﬃ4*0!'$ﬀ (7ﬀ $ﬀ ( 9:ﬀﬁ 7!' ﬁﬀ(7  ﬁﬀ& ﬀ&4*0% 2 ,  *%"%'*0ﬃ!"	$#*0 ﬃﬀ&ﬁ,#*34(B %- !" *$ $ ﬀ#ﬃ ﬀ< *0ﬁﬀ!"$ ﬃ ﬀ
$ 9:ﬀ!'*%1* (%(#!"9 *0ﬃ!"	$ 0 ﬃﬁ4*0$ﬁ!"ﬀ$@ﬃ ( $%"ﬀ9:ﬂ !> ﬃ ﬀ  $ﬃ4*0!'$ﬀ ( 9:ﬀﬁ !"5ﬁﬀ (A 5ﬁﬀ& ﬀ&4*0%ﬃ!"9:ﬀ )ﬃﬀ(B
 ﬁ!'9:!"%'*0 )ﬃﬁ4*0ﬃﬀ&;=!' (ﬀﬁ&!'$ ﬀ ( $@= ﬂ$ *0$2(
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• ·cM"QRNKYQ{G2TV TVP{1LBM7tuUNK(F	
pNHM"FHP	URQd¶ cdf TVP{ clf
J(u) = − 1
q∞ l¯
∫
ΓW
(τ n) · ψ { s, l@]\ 
• ³£KU2TVL6{G2TV TVP{1LBM7tuUNKF	
pNHM"FHPURQd¶ cd = cdp + cdf TVP{ cl = clp + clf
J(u) =
1
q∞ l¯
∫
ΓW
(pn− τ n) · ψ { s, l@ a 
¹}FHGRF
q∞ =
1
2γp∞M
2
∞ =
1
2γ
|v∞|2
c2∞
p∞ =
1
2ρ∞|v∞|2
M"QZUJ}F t GRFFQRUJGRFdTV~ {DP4TV~mM"NpE;GRFQRQJY;GRF=
M
{;FHPKURFQjUJ}F¤ŁoTN2}zPY;~[IFHGd
c
UJ}F[QREFF{zKVt QRKY;P{W{;FPF{oI	D
c2 = γp/ρ
TVP{
l¯
{;FHPKURFQ
T*GRFtuFHGRFHPNF[L"FHP;=UJ} @ ³}FZQJY;IQ2NHGJMBE;URQ
∞
MBP{M"NdTVURFOtuGRFFQJUJGRFdTV~ºXY4TVP	UJMBUJM"FQd@
ψ
M"Q=MBSiFHPID
ψd = (cos(α), sin(α))
> l@]l 
KG
ψl = (− sin(α), cos(α))> l@] 
tuKGUJ}F[{G2TV TVP{1LBM7tuUNKF	
pNHM"FHPUdGRFQJEFNHUJMBSiFHLBDi@

q( 1' R4B 0
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¯PKGR{;FHG-URKKI;U2TVMBP¹.FHMB=}URF{zFHGJGRKG-MBP{M"NdTVURKGRQd;UJ}F[T{VJKMBP	UE;GRKI;L"FH~¥}4TQURK IFOQRKLBSiF{@ ³};M"Q
E;GRKNF{Y;GRFZ¹MBLBL IFI;GJM"F¸DMBPUJGRK{YNF{W}FHGRF=tuKLBL"Ky¹MBP;pUJ}FO{;FQRNHGJMBE;UJM"KPoKVt«CTVGJUJ~pTVP;P ] ¯@
 tUJ}FU2TVGJiFHUt Y;PNHUJM"KP4TVL
J(·) M"Q{M FHGRFHPUJMTVI;L"F=;¹};M"NR}¹MBLBLIFOTQRQJY;~F{<MBP1UJ}FjtuKLBL"Ky¹MBP;;UJ}F
~FdTVP
STVLBYF[LBMBPFdTVGJMBxyTVUJM"KP
J¯(·, ·; ·) KVt J(·) M"Q{;FPF{1ID
J¯(u,uh;u− uh) = J(u)− J(uh) =
∫ 1
0
J ′[θu + (1− θuh](u− uh) { θ, l@ w
¹}FHGRF
J ′[w](·) {;FHPKURFQ UJ}F7GNR}FHU.{;FHGJMBS=TVUJMBSiFKVt J(·) FHS=TVLBY4TVURFH{TVU w @«©jISM"KYQRLBDiiUJ}FURFHGJ~
J(u) − J(uh) GRFHE;GRFQRFHP	URQUJ}F¤FHGJGRKGjMBPoUJ}FZU2TVGJiFHUjtuY;PNHUJM"KP4TVLM7t UJ};M"Q-tuY;P	UJM"KP4TVL«M"Q-FHS=TVLBY4TVURF{
YQJMBP;UJ}FZTVE;E;GRKd²(MB~pTVURF*QRKLBY;UJM"KP
uh
MBPQJURFdT{KVt«UJ}FOF²;TNHUjQRKLBY;UJM"KP
u
@
gMB~mMBLTVGJLBDiUJ}F ~FdTVP
S=TVLBYFﬂLBMBPFdTVGJMBxyTVUJM"KP M(·, ·; ·, ·) KVtT-PKP;LBMBPFdTVG6KEFHG2TVURKG N (·, ·)  M"Q£=MBSiFHP
I	D
M(u,uh;u−uh,v) = N (u,v)−N (uh,v) =
∫ 1
0
N ′
u
[θu+(1−θ)uh](u−uh,v) { θ l@]| 
tuKG-TVLBL
v
MBP
V
;¹}FHGRF N ′
u
[w](·,v) {;FHPKURF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J(u)− J(uh) ≈ N (uh, zˆh − zh) = N (uh, 0) = 0 ∀zˆh ∈ Vph.
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ηresκ = ‖hsκR(uh)‖L2(κ) + ‖hs−1/2κ (Fc(uh) · nκ −H(u+h ,u−h ,nκ))‖L2(∂κ\Γ)
+ ‖hs−1/2κ (Fc(uh) · nκ −HΓ(u+h ,uΓ(u+h ),nκ))‖L2(∂κ∩Γ)
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³}FzTVIKdSiFtuKGJ~ M"QpiFHPFHG2TVLBLBDvMBP	UJGRK({YNF{ tKGM"QRKUJGRKE;M"N~FQJ}FQd@ FKGJiKY;LBM"Q ]| -=MBSiFQ TVP
TVP4TVL"KiKYQTVP;M"QRKUJGRKE;M"NoFHGJGRKG<FQJUJMB~pTVURFztKGpGRFNHU2TVP;=Y;LTVGdcT ²(M"QﬀE4TVG2TVLBL"FHLOFHL"FH~FHPURQ¹MBUJ} F{iF
L"FHP;=UJ}
h1
TVP{
h2
TVL"KP;UJ}F
x1
TVP{
x2
T ²M"QdGRFQJEFNHUJMBSiFHLBD¶
‖φ−Πpφ‖L2(κ) ≤ C
d∑
i=1
hp+1i ‖∂p+1i φ‖L2(κ).
@ a 
¯PKGR{;FHGOURK<GRF{YNF E;GRKVJFNHUJM"KPFHGJGRKGRQdUJ}F*~FQJ}QJMBxdF*}4TQURK<IF QJ~pTVLBL TVL"KP;UJ}Fm{MBGRFNHUJM"KP 
MBP9¹};M"NR}9UJ}F{;FHGJMBSTVUJMBSiF<M"Q*LTVGJiF=_¹}FHGRFdTQ MBU NdTVP%IF ~K{;FHG2TVURFHLBD };MB=}%MBP9{MBGRFNHUJM"KPQm¹MBUJ}
QJ~pTVLBL"FHG{;FHGJMBS=TVUJMBSiFQd@9³};M"Q tTNHUm¹MBLBLIF<YQRF{9LTVURFHGKPvURK{;FNHM"{;FY;EKPvUJ}F1{MBGRFNHUJM"KP`KVtT
EK=Q2QJMBI;L"FOTVP;M"QRKUJGRKE;M"NGRFPFH~FHP	Ud@.ﬂFtKGRFcUJ}4TVUNdTVPIF{;KPF=;QRK~FcI4TQJM"NcE;GRK(NF{Y;GRFQ}4TSiFURK
IF*E;GRKySM"{;F{£MBPNHLBY{MBP;UJ}FTVE;E;GRK²MB~pTVUJM"KP®KVtﬂ{;FHGJMBS=TVUJMBSiFQZKVt{M"QRNHGRFHURF*t Y;PNHUJM"KPQ¤TQ¹.FHLBL.TQ
UJG2TVPQ!tKGJ~pTVUJM"KPQKVt{;FHGJMBS=TVUJMBSiFQIFHU ¹.FFHP1UJ}FcGRFtuFHGRFHPNFOFHL"FH~FHPU-TVP{<GRFdTVLQRE4TNFjNK(KGR{MBP4TVURFQd@
5" 2 o8c« 
 = '040
B/p'+ 
  ﬃ	'	H]ﬃ i)
KG.TKPF ¯{MB~FHPQJM"KP4TVLEKLBDPK~mMTVL4KVt{;FH=GRFF
p
UJ}F
(p+1)
UJ} {;FHGJMBSTVUJMBSiF-STVP;M"QJ}FQy@  PNdTQRFKVt
TOURFHPQRKG.E;GRK{YNHUﬂEKLBDPK~mMTVLKVt {;FH=GRFF
p
UJ};M"Q M"Q UJGJYFtKG UJ}Fj~pTVMBP {MTViKP4TVLNK~mEKPFHPURQKVt
UJ}F¤{;FHGJMBS=TVUJMBSiF*URFHPQRKGd@-³}FHGRFtKGRF*UJ}F[{;FHGJMBS=TVUJMBSiF*URFHPQRKGcNdTVP;PKUcIF¤NdTVL"NHY;LTVURF{oL"K(NdTVLBLBDt GRK~
UJ}FE;M"FNFH¹M"QRFpEKLBD(PK~mMTVLTVE;E;GRK²MB~pTVUJM"KP «I;Y;U[}4TQZURKWIF TVE;E;GRK²MB~pTVURF{ YQRMBP;oT{;{MBUJM"KP4TVL
MBPtuKGJ~pTVUJM"KP*tuGRK~UJ}FﬂQJY;GJGRKY;P{MBP;ZFHL"FH~FHPURQd@ ©jP*FdTN2} FHL"FH~FHPU_UJ}F
p
UJ} KGR{;FHG«{;FHGJMBSTVUJMBSiFNdTVP
IFTVE;E;GRKd²(MB~pTVURF{pYQJMBP;UJ}FE;M"FNFH¹M"QRFEKLBD(PK~mMTVL@ g(FHUJUJMBP;OY;EpT-P;MBURF{M FHGRFHPNF-QRNR}FH~FKP
TVPWFHL"FH~FHP	UOTVP{MBURQPFHMB=}	IKGRQd4UJ}F
(p+ 1)
UJ}zKGR{;FHGj{;FHGJMBS=TVUJMBSiF[NdTVPzIFZTVE;E;GRKd²(MB~pTVURF{@³};M"Q
GRFQJY;LBURQ«MBPmKPFNKPQJU2TVP	U TVE;E;GRKd²(MB~pTVUJM"KPtuKG«UJ}F{;FHGJMBSTVUJMBSiFURFHPQ2KG TVU6UJ}FFHL"FH~FHPU Q ~mM"{EKMBP	Ud
¹};M"NR}zM"Q-TQRQJY;~F{1URK IFGRFHE;GRFQRFHPU2TVUJMBSiFZtKGUJ}FO¹}KL"FZFHL"FH~FHPUd@  U}4TQURKmIFhiFHE;UMBP~mMBP{
}Kd¹ﬂFHSiFHGdiUJ}4TVU6UJ}Fﬂ{;FQ2NHGJMBIF{*FHSTVLBY4TVUJM"KP ¹MBLBLGRFQJY;LBU6MBP*{MBGRFNHUJM"KP4TVL;MBPtKGJ~pTVUJM"KPKP;LBDi¹}FHGRFdTQ
\=
 


 

 
  
   	
UJ}F*~pTV=P;MBUJY{;FKVt UJ}F FHGJGRKGO{;KFQPKU}4TSiF URK<IF¤FQRUJMB~pTVURF{@[³}FHGRFtKGRF=YQJMBP;T NKPQRU2TVP	U
TVE;E;GRK²MB~pTVUJM"KPoQ2FFH~QGRFdTQRKP4TVI;L"F=@
³}F<¹ﬂTD%UJ}F 6MBP;MBURF1sjM FHGRFHPNF1TVE;E;GRK²MB~pTVUJM"KPQpNdTVP9IF<NK~mE;Y;URF{vKPvFHL"FH~FHPU
κ
¹MBLBLIF
{;FQRNHGJMBIF{tKGUJ}F¤=G2T{M"FHP	UdI;Y;Uj};MB=}FHGKGR{;FHGj{;FHGJMBS=TVUJMBSiFQNdTVPWIF[KI;U2TVMBPF{oYQJMBP; UJ}F[Q2TV~F
E;GJMBPNHMBE;L"F=@ ³};M"Q{;FQ2NHGJMBE;UJM"KP1tuKLBL"Ky¹QUJ}F¹TDUJ}FZ{;FHGJMBS=TVUJMBSiFQjTVGRFZTVE;E;GRK²MB~pTVURF{MBP  ﬁﬀ ﬂﬂ
]?¯@  t
κ′
M"Q<TﬁPFHMB=}	IKGJMBP;vFHL"FH~FHP	U1TVP{
yκ′ = xκ′ − xκ {;FQRNHGJMBIFQpUJ}F{M"QRU2TVPNFSiFNHURKG
IFHU ¹.FFHPoUJ}F[NFHPURFHGRQcKVt_UJ}F[U¯¹.KFHL"FH~FHPURQd4UJ}FHP φh(xκ′ )−φh(xκ)
‖yκ′‖
M"QjTVPﬁTVE;E;GRK²MB~pTVUJM"KPﬁKVt_UJ}F
{MBGRFNHUJM"KP4TVL6{;FHGJMBS=TVUJMBSiF ∇φ(xκ) · yκ′‖yκ′‖ .
ŁzY;LBUJMBE;LBDMBP; IKUJ}zURFHGJ~QID yκ′
‖yκ′‖
tuGRK~ UJ}FZL"FtuUjTVP{
QJY;~m~mMBP;pKySiFHGcTVLBLPFHMB=}	IKGRQ
κ′
UJ}F[TVE;E;GRK²MB~pTVUJM"KP
∑
κ′
(
yκ′
‖yκ′‖ ⊗
yκ′
‖yκ′‖
)
∇φ(xκ) ≈
∑
κ′
(
yκ′
‖yκ′‖
φh(xκ′)− φh(xκ)
‖yκ′‖
)
@]l 
M"QjKI;U2TVMBPF{¹}FHGRF ⊗ {;FHPKURFQcUJ}F¤KY;URFHGcE;GRK({YNHUKVt U¯¹.K<SiFNHURKGRQOTQjMBP	UJGRK({YNF{zMBPg(FNHUJM"KP
\@ a@ﬁ tUJ}F~pTVUJGJM7²
Y =
∑
κ′
(
yκ′
‖yκ′‖
⊗ yκ′‖yκ′‖
)
M"Q GRFH=Y;LTVGd	¹};M"N2} M"Q UJ}FNdTQRF¹}FHP UJ}FSiFNHURKGRQ
yκ′
URKTVLBL£PFHMB=}	IKGRQ-QJE4TVP1UJ}FO¹}KL"F[QJE4TNF=;UJ}FO=G2T{M"FHPUjNdTVP1IFZTVE;E;GRK²MB~pTVURF{WID
∇φ(xκ) ≈ Y −1
∑
κ′
(
yκ′
‖yκ′‖
φh(xκ′)− φh(xκ)
‖yκ′‖
)
.
@] 
-E;E;GRKd²(MB~pTVUJM"KPQ¤URK};MB=}FHG¤{;FHGJMBS=TVUJMBSiFQ[NdTVPIFmNK~mE;Y;URF{MBP%TQJMB~mMBLTVGZ¹ﬂTdDi@ KG¤F²;TV~mE;L"F=
UJ}FOURFHPQRKG-KVt«QRFNKP{{;FHGJMBS=TVUJMBSiFQM"Q-TVE;E;GRKd²(MB~pTVURF{zI	D<UJ}FtKGJ~[Y;LT
∇2φ(xκ) ≈ Y −1
∑
κ′
(
yκ′
‖yκ′‖ ⊗
∇φh(xκ′)−∇φh(xκ)
‖yκ′‖
)
.
@ w
¯Uﬂ}4TQ.URK[IF-PKURF{(UJ}4TVUﬂY;P;LBMBhiFcUJ}F-UJGJYFcURFHPQRKGKVtQRFNKP{<{;FHGJMBSTVUJMBSiFQyMBURQTVE;E;GRKd²(MB~pTVUJM"KP1M"Q
PKUjPFNFQ2Q2TVGJMBLBDWQJD(~m~FHUJGJM"N=@-³};M"QcM"Qc{YF[URKpUJ}FZtTNHUjUJ}4TVUcMBPWUJ}F*{;FHGJMBS=TVUJM"KP MBUcM"QjPKUcNHL"FdTVG
¹}FHUJ}FHG UJ}FURFHGJ~ ∇2φyκ′ KG yTκ′∇2φ
QJ}KY;L"{ IFNKPQJM"{;FHGRF{pTQ_E;GRKVJFNHURF{QRFNKP{m{;FHGJMBS=TVUJMBSiF=@
sFHEFHP{MBP;oKPUJ};M"Q[N2}KM"NF=6KPF TVE;E;GRK²MB~pTVUJM"KP%KVtUJ}FmURFHPQRKG¤KVtQ2FNKP{{;FHGJMBSTVUJMBSiFQ*KGZMBURQ
UJG2TVPQJEK=QRF[M"QcKI;U2TVMBPF{@³£K1TSiKM"{oUJ};M"QOTV~[I;MB=Y;MBU DiUJ}F TVE;E;GRK²MB~pTVUJM"KPNdTVPzIF[QJD(~m~FHUJGJMBxdF{
I	D1NdTVL"NHY;LTVUJMBP;pUJ}F~FdTVPWSTVLBYFZKVt«UJ}F[TVE;E;GRKd²(MB~pTVUJM"KPﬁTVP{1MBURQUJG2TVPQJEK=QRF=@
-E;E;GRKd²(MB~pTVUJM"KPQ¤KVt.};MB=}FHGZ{;FHGJMBS=TVUJMBSiFQZNdTVPﬁIF KI;U2TVMBPF{®TVL"KP;1UJ}FmQ°TV~F¤LBMBPFTVP{o¹MBLBL_PKU
IFO{;FQ2NHGJMBIF{1}FHGRF=@
g(K1tTVGd PKUJ};MBP;o}4TQZIFFHP®Q2TVM"{®TVIKY;U[UJ}F KGJMB=MBP KVtUJ}FpTVE;E;GRKd²(MB~pTVUJM"KPQ*URKUJ}F
p
UJ} KGR{;FHG
{;FHGJMBSTVUJMBSiFcTVU UJ}FFHL"FH~FHPUﬂNFHPURFHGRQd¹};M"NR}<TVGRF-PFF{;F{MBPpKGR{;FHG.URK[TVE;E;GRK²MB~pTVURFcUJ}F
(p+1)
UJ}
KGR{;FHG-{;FHGJMBS=TVUJMBSiF=@ cQUJ};M"Q-TVE;E;GRK²MB~pTVUJM"KPzM"QjT*YQRFt Y;LMBPtKGJ~pTVUJM"KPzKP;LBD<MBPNdTQRFZKVt6E;M"FNFH¹M"QRF
EKLBD(PK~mMTVL"QZKVt{;FH=GRFF
p
uKG};MB=}FHG £UJ}FQRF X	Y4TVPUJMBUJM"FQ[NdTVPIF*FHS=TVLBY4TVURF{KPFdTNR}®FHL"FH~FHPU
YQJMBP;[KP;LBD*UJ}FL"K(NdTVL;EKLBD(PK~mMTVLTVE;E;GRK²MB~pTVUJM"KP @ ³};M"Q_M"Q.TONK~mE4TVG2TVUJMBSiFHLBDNR}FdTVEpFHS=TVLBY4TVUJM"KP
TVP{oDM"FHL"{;Q  '  " ﬂFQJUJMB~pTVURFQOKVt.UJ}F
(p + 1)
UJ}KGR{;FHGO{;FHGJMBSTVUJMBSiF URFHPQRKGd¹};M"N2}®TVGRF {;FQJMBGRF{oMBP
SM"FH¹KVtGRFPFH~FHP	UcMBPtKGJ~pTVUJM"KP @
¨{M FHGRFHPUTVE;E;GRKiTN2}<¹ﬂKY;L"{pIFURK¤{;FPF-UJ}Fj{;FHGJMBSTVUJMBSiFQ.GRFNHY;GRQJMBSiFHLBDYQJMBP;¤UJ}FjTVIKdSiFjFX	Y4T
UJM"KPQd@c³};M"QjM"Qj~[YN2}~KGRF¤F²EFHPQJMBSiF*TVP{o¹ﬂKY;L"{ﬁT{;{MBUJM"KP4TVLBLBDzL"FdT{WURKTVPoMBPNHGRFdTQJMBP;E4TVURNR}
KVt«FHL"FH~FHPURQ
κ′
¹};M"NR}W}4TdSiFZMBP¸YFHPNF¤KPUJ}F[TVE;E;GRK²MB~pTVUJM"KPﬁKPWFHL"FH~FHP	U
κ
tKG};MB=}FHGjKGR{;FHG
{;FHGJMBSTVUJMBSiF TVE;E;GRK²MB~pTVUJM"KPQd@mjQ};MB=}FHG¤KGR{;FHGOEKLBD(PK~mMTVL.TVE;E;GRK²MB~pTVUJM"KPQZiFHPFHG2TVLBLBDﬁYQRFmT
NKiTVGRQRFHGiFK~FHUJGJM"N GRFQRKLBY;UJM"KP UJ}F*F	FNHUOKVt.KI;U2TVMBP;MBP;FQJUJMB~pTVURFQc¹MBUJ}  '%$
" .MBPQJURFdT{ﬁKVt  ' 
 " ﬂNR}4TVG2TNHURFHGOM"QFHSiFHPTV==G2TS=TVURF{@[³}FHGRFtKGRF=YQJMBP;1TpGRFNHY;GRQRMBSiF*FHS=TVLBY4TVUJM"KPQJ}KY;L"{oPKUIF
NKPQJM"{;FHGRF{GRFdTQ2KP4TVI;L"F=@
\A
 


 
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  
   	
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¯P KGR{;FHGZURKFHS=TVLBY4TVURFUJ}F{;FHGJMBS=TVUJMBSiFMBUZM"Q[YQRFtuY;L_URK1UJG2TVPQ!tKGJ~ MBUZURK1UJ}FGRFtuFHGRFHPNF FHL"FH~FHP	U
κˆ
@³};M"Q¹ﬂTdDWUJ}F¤L"FHP;=UJ}KVt.TVLBL«F{iFQcM"QcY;P;MBU¯DiUJ}FHGRFHIDz~pTVh(MBP;<MBUcY;P;PFNFQ2Q2TVGJDURKNKPQJM"{;FHG
F²(E;LBM"NHMBUJLBD{M FHGRFHP	U~FQJ}1QJMBxdFQMBP1{M FHGRFHP	U-{MBGRFNHUJM"KPQd@ ;Y;GJUJ}FHGJ~KGRF=;UJ}FGRFtFHGRFHPNFOFHL"FH~FHP	U
M"QTVLBMB=PF{`TVL"KP;UJ}F1NK(KGR{MBP4TVURFT ²FQd ¹};M"NR} ~pTVhiFQMBU FdTQRM"FHGmURK{;FNHM"{;F1KP`TWGRFPFH~FHPU
{MBGRFNHUJM"KP 4KPNFOUJ}F[NR}4TVG2TNHURFHGJM"QJUJM"N¤{MBGRFNHUJM"KPzKVt«UJ}FO{;FHGJMBSTVUJMBSiF[M"QhPKy¹P @
jQRMBP;ZiFHPFHG2TVL~pTVE;E;MBP;iQ
σκ
UJ}FUJG2TVPQ!tKGJ~pTVUJM"KP<KVt};MB=}FHGKGR{;FHG.{;FHGJMBS=TVUJMBSiFQ M"Q.X	Y;MBURFcTZNK~ 
E;LBM"NdTVURF{ﬁE;GRKNF{Y;GRF=@*³}FHGRFtKGRF=iFHPFHG2TVL_~pTVE;E;MBP;iQO¹MBLBL«IF {;FNK~mEK=QRF{ﬁMBP	URKT LBMBPFdTVGOE4TVGJU
σ¯κ
TVP{<Tc};MB=}FHG.KGR{;FHG E4TVGJU
σ˜κ
	QJYN2}UJ}4TVU
κ = σκ(κˆ) = σ˜κ (σ¯κ(κˆ))
@5KG UJ}FUJG2TVPQ!tuKGJ~pTVUJM"KP
KVtﬂ{;FHGJMBS=TVUJMBSiFQZKP;LBDWUJ}F LBMBPFdTVGE4TVGJUO¹MBLBL_IF*YQRF{¹};M"NR}L"FdT{;QURK1T<QJMB~mE;L"F UJG2TVPQ!tKGJ~pTVUJM"KP
GJY;L"F=@
¯PUJGRK{YNHMBP;
φˆ
TQUJ}F[GRFHE;GRFQRFHP	U2TVUJM"KPKVt.T GRFdTVL ¯QRE4TNFZtuY;PNHUJM"KP
φ
KPzUJ}FZGRFtFHGRFHPNF¤FHL"FH~FHPUd
QJYNR} UJ}4TVU
φˆ(xˆ) = φ(x) = φ (σκ(xˆ))
UJ}Fﬁ{;FHGJMBS=TVUJMBSiFKP¨UJ}FzGRFtFHGRFHPNFFHL"FH~FHP	UNdTVP IF
KI;U2TVMBPF{IDTVE;E;LBD(MBP;UJ}FZN2}4TVMBPWGJY;L"FZTVE;E;GRKE;GJMTVURFHLBD¶
∂φˆ
∂xˆj
=
∂φ
∂xi
∂xi
∂xˆj
=
∂φ
∂xi
∂ (σκ)i
∂xˆj
,
@]| 
¹}FHGRF=ﬂTNNKGR{MBP; URKﬁUJ}FQJY;~m~pTVUJM"KP`NKPSiFHP	UJM"KP MBUm}4TQmURKﬁIF1QJY;~m~F{ KySiFHGp{Y;E;LBM"NdTVURF{
MBP{M"NFQd;MBPUJ};M"Q-NdTQRF
i
@
¯PUJGRK{YNHMBP;1UJ}F*PKU2TVUJM"KPNKP	SiFHPUJM"KPQ
∂ˆk(·) := ∂(·)∂xˆk
TVP{
∂l(·) := ∂(·)∂xl
TVP{oGRFNK=P;M"QJMBP;1UJ}F
URFHGJ~ ∂(σκ)i
∂xˆj
TQ UJ}F1§	TNKI;MTVP`~pTVUJGJM7²
Jij
KVtjUJ}FUJG2TVPQJtuKGJ~pTVUJM"KP @]| *NdTVPvIF<¹GJMBUJURFHPvMBP
QJ}KGJUjTQ
∂ˆjφˆ = ∂iφJij .
@] 
sFHPKUJMBP;¤UJ}F-P4TVI;LT[KEFHG2TVURKG ¹MBUJ}<GRFQJEFNHU URKZGRFtFHGRFHPNF-FHL"FH~FHPUNKKGR{MBP4TVURFQ
xˆ
¹MBUJ} ∇ˆ TVP{
UJ}FP4TVI;LTZKEFHG2TVURKG ¹MBUJ}pGRFQJEFNHU URKOGRFdTVLQJE4TNF-NKKGR{MBP4TVURFQ ¹MBUJ}pUJ}FYQJY4TVL ∇ iUJ}F=G2T{M"FHPURQ
KP UJ}FjGRFtFHGRFHPNFcFHL"FH~FHPU-TVP{pMBP<GRFdTVLQJE4TNFcTVGRFcNKP;PFNHURF{UJ};GRKY;=}UJ}Fj§TNKI;MTVP<~pTVUJGJM7²KVt
UJ}FOUJG2TVPQ!tKGJ~pTVUJM"KPWS(MT
∇ˆφˆ = JT∇φ. @BAd 
³}F-UJG2TVPQJtuKGJ~pTVUJM"KPKVt };MB=}FHGﬂKGR{;FHG{;FHGJMBS=TVUJMBSiFQ.NdTVP<IFjKI;U2TVMBPF{pIDQJYNNFQRQJMBSiFTVE;E;LBM"NdTVUJM"KP
KVt£UJ}FNR}4TVMBP1GJY;L"F=@_jLBGRFdT{DtKG.UJ}FQRFNKP{KGR{;FHG{;FHGJMBS=TVUJMBSiF=UJ};M"Q.¹MBLBLMBPNHLBY{;FO{;FHGJMBS=TVUJMBSiFQKVt
UJ}FZ§	TNKI;MTVPz~pTVUJGJM7²@ ³}FOQ2FNKP{KGR{;FHG-{;FHGJMBS=TVUJMBSiFZM"Q=MBSiFHPID
∂ˆk∂ˆlφˆ = ∂i∂jφ ∂ˆk (σκ)i ∂ˆl (σκ)j + ∂iφ ∂ˆk∂ˆl (σκ)i = ∂i∂jφJik Jjl + ∂iφ ∂ˆlJik.
@BA=A
jQRMBP;pUJ}F¤TVIKdSiF¤~FHP	UJM"KPF{ﬁ{;FNK~mEK=QJMBUJM"KPﬁKVt UJ}FZ~pTVE;E;MBP;TVP{zTQRQRY;~mMBP;4UJ}4TVUjUJ}F[PKP

LBMBPFdTVG«E4TVGJU_EFHG!tKGJ~Q«KP;LBD¤QJ~pTVLBLS=TVGJMTVUJM"KPQdI;Y;U«PKcN2}4TVP;iFMBP UJ}Fﬂ{MB~FHPQRM"KP KVtUJ}FFHL"FH~FHP	Ud
M@ F=@
σ˜κ(x¯) ≈ x¯ iUJ}FURFHGJ~QﬂNKP	U2TVMBP;MBP; {;FHGJMBS=TVUJMBSiFQ.KVtUJ}F-§	TNKI;MTVP<~pTVUJGJM7²iM@ F=@	{;FHGJMBS=TVUJMBSiFQﬂKVt
UJ}Fc~pTVE;E;MBP;KVt6KGR{;FHG
2
TVP{<};MB=}FHGd;NdTVPIFjPFH=L"FNHURF{L"FdT{MBP;mURKmT*QJMB~mE;L"FcUJG2TVPQ!tKGJ~pTVUJM"KP
FX	Y4TVUJM"KPtuKGUJ}FZQ2FNKP{{;FHGJMBSTVUJMBSiF=¶
∂ˆk∂ˆlφˆ = ∂i∂jφJik Jjl.
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C-MB=}FHGOKGR{;FHG{;FHGJMBSTVUJMBSiFQONdTVPoIF¤KI;U2TVMBPF{oYQJMBP;<UJ}F Q2TV~F¤Q2NR}FH~F=@ jQRMBP;<KP;LBDUJ}F*LBMBPFdTVG
E4TVGJU KVtOUJ}F~pTVE;E;MBP;UJ}FWUJG2TVPQ!tKGJ~pTVUJM"KP`tKLBL"Kd¹Q UJ}FWQ2TV~FWQJUJGJYNHUJY;GRF1tKG<TVLBL-{;FHGJMBS=TVUJMBSiF
KGR{;FHGRQd¶OFdTNR}®MBP{;F²ﬁKVtﬂUJ}Fm{;FHGJMBSTVUJMBSiFmURFHPQ2KGO}4TQURKIFmNKPUJG2TNHURF{¹MBUJ}UJ}F*GRQJUOMBP{;F²KVt
UJ}FO§	TNKI;MTVP1~pTVUJGJM7²1KVtUJ}Fc~pTVE;E;MBP;@ cQT[LTQRUF²TV~mE;L"FUJ}FUJG2TVPQ!tKGJ~pTVUJM"KPtuKGUJ}FUJ};MBGR{
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KGR{;FHG-{;FHGJMBS=TVUJMBSiFZGRFdT{;Qd¶
∂ˆl∂ˆm∂ˆnφˆ = ∂i∂j∂kφJil Jjm Jkn.
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CcTdSMBP;ﬁUJG2TVPQ!tKGJ~F{%UJ}F<TVE;E;GRKd²(MB~pTVURF{v{;FHGJMBS=TVUJMBSiF1TVU¤UJ}FNFHPURFHG KVtTVP%FHL"FH~FHPU
κ
URKzUJ}F
GRFtuFHGRFHPNFWFHL"FH~FHP	U
κˆ
MBUmGRFH~pTVMBPQURKFHS=TVLBY4TVURF1UJ};M"QmURFHPQRKGpMBP`KGR{;FHGmURK{;FNHM"{;F=ﬂ¹}FHUJ}FHG TVP
TVP;M"QRKUJGRKE;M"NZGRFPFH~FHPUjQJ}KY;L"{U2TVhiFOE;LTNF=@
UUJ};M"Q6EKMBP	U«MBU6M"QPFNFQ2Q2TVGJDZURKcNK~F I4TN2h[URKjUJ}F.I4TQRM"N E;GRKVJFNHUJM"KPmFHGJGRKG6FQJUJMB~pTVURF=@«^ XY4TVUJM"KP
@]\ _GRFHE;GRFQ2FHP	URQ.UJ}F-iFHPFHG2TVLE;GRKV!FNHUJM"KP<FHGJGRKGd(YQJMBP;*T[QJMBP;=L"FS=TVLBYF
h
URKZGRFHE;GRFQRFHPU.UJ}F-~FQJ}
QJMBxdF=@  PTVPTVP;M"Q2KUJGRKE;M"NmFHP	S(MBGRKP;~FHP	UZMBUM"QcPFNFQRQ2TVGJDzURKpP{FQRUJMB~pTVURFQd¹};M"NR}FH~mE;L"KyDzUJ}F
{M FHGRFHPUO~FQJ}QJMBxdFQKVt.FHL"FH~FHP	URQZMBPﬁKGR{;FHGURK<MB~mE;GRKdSiF UJ}F FQJUJMB~pTVURFTVP{oURK<~pTVhiF*MBUYQRFt Y;L
tuKGT%{;FNHM"QJM"KP KP T GRFPFH~FHP	UW{MBGRFNHUJM"KP @ KGJ~pTV==MT TVP{ ﬃ6FHGRKUJURK ]lO}4TSiF{;FHSiFHL"KEF{
TVP;M"QRKUJGRKE;M"NjTOE;GJM"KGJMFHGJGRKG.FQRUJMB~pTVURFQﬂTVP{mE;GRFQ2FHP	UﬂTVP;M"Q2KUJGRKE;M"NjFQJUJMB~pTVURFQ.KVtUJ}FMBP	URFHGJEKLTVUJM"KP
FHGJGRKGd }Ky¹.FHSiFHGd6UJ}FHMBGZGRFQJY;LBURQ*TVGRF LBMB~mMBURF{URKLBMBPFdTVG[EKLBD(PK~mMTVL.TVE;E;GRK²MB~pTVUJM"KPQd@pCcKYQJURKP
ﬁ! " 	BAyw  =MBSiF<T1QJY;~m~pTVGJDKVtUJ}F¹ﬂKGJhﬁ{;KPF KPiFHPFHG2TVLBMBxMBP;oUJ}FQRFGRFQJY;LBURQZtuKG[TVGJI;MBUJG2TVGJD
KGR{;FHGEKLBD(PK~mMTVL{;FH=GRFFQd@_³}F~K=QJUﬂMB~mEKGJU2TVPUGRFQJY;LBUﬂtKG.UJ}FNHY;GJGRFHP	UjNKP	URF²UﬂM"Q=MBSiFHPID
UJ}FZFQJUJMB~pTVURF
‖φ−Πpφ‖L2(κ) ≤ C
[∫
κ
‖Dˆs(x)‖2Fdx
]1/2
, 0 ≤ s ≤ min(p+ 1, k) @BAHa 
¹}FHGRF
Dˆs
M"Q<UJ}F
s
UJ} KGR{;FHG1{;FHGJMBS=TVUJMBSiFﬁURFHPQRKGUJG2TVPQ!tuKGJ~F{¨URK%UJ}FoGRFtFHGRFHPNFoFHL"FH~FHPUzTQ
{;FNHGJMBIF{TVIKdSiF=
C
M"Q TjNKPQJU2TVPU ¹};M"NR}{;FHEFHP{;Q_KP;LBD¤KP UJ}F{MB~FHPQJM"KPpTVP{*UJ}FEKLBD(PK~mMTVL
{;FH=GRFF=
k
M"QﬂUJ}F-};MB=}FQRUKGR{;FHGKVtF²M"QJUJMBP;  ¹.FdTVh  {;FHGJMBS=TVUJMBSiFKVt
φ
M@ F=@
φ ∈ Hk(κ) ;TVP{ ‖·‖F
{;FHPKURFQUJ}F GRKIFHP;MBYQ-PKGJ~;¹};M"NR}WtuKG-T*URFHPQRKG
A ∈ RI1×I2×...×IN M"Q{;FPF{1ID
‖A‖F =
√√√√ I1∑
i1=1
I2∑
i2=1
. . .
IN∑
iN =1
(Ai1i2...iN )
2.
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 tTURFHPQRKG}4TQOT<{;K~mMBP4TVP	UZNK~mEKPFHP	UdMBURQA;GRKIFHP;MBYQPKGJ~ NdTVPﬁIF*F	
pNHM"FHP	UJLBDoGRF{YNF{ﬁM7t
KP;LBDUJ};M"QﬂNK~mEKPFHPUM"Q GRF{YNF{<MBPQJMBxdF=@«³}F-UJG2TVPQ!tKGJ~pTVUJM"KP1KVt£UJ}Fc{;FHGJMBSTVUJMBSiFjURFHPQRKG.t GRK~
GRFdTVL QJE4TNFNK(KGR{MBP4TVURFQ¤URK1UJ}FmGRFtFHGRFHPNFpFHL"FH~FHP	U¤GRF{YNFQ[UJ}Fp{;FHGJMBSTVUJMBSiF NK~mEKPFHPUuQ MBP
UJ}Fj{MBGRFNHUJM"KP ¹};M"N2}}4TQT[QJ~pTVLBL~FQJ}<QRMBxdF=@ µﬂKPQJM"{;FHGdtuKGﬂF²;TV~mE;L"F=;T[GRFNHU2TVP;=Y;LTVGFHL"FH~FHP	U
TVLBMB=PF{<¹MBUJ} UJ}FcNKKGR{MBP4TVURFOT ²;FQd}4TS(MBP;¤UJ}FjL"FHP;=UJ}Q
h1
TVP{
h2
TVL"KP; UJ}F
x1
TVP{
x2
T ²(M"Qd
GRFQJEFNHUJMBSiFHLBDi@KGUJ};M"QjNdTQRFUJ}FZ§	TNKI;MTVPz~pTVUJGJM7²<GRF{YNFQ-URKmUJ}FZ{MTViKP4TVL ~pTVUJGJM7²
J =
(
h1 0
0 h2
)
.
µﬂKPQJM"{;FHGJMBP;pUJ}FOCcFQRQJMTVP1~pTVUJGJM7² H ¹};M"NR}WGRFHE;GRFQ2FHP	URQUJ}F[QRFNKP{KGR{;FHG-{;FHGJMBS=TVUJMBSiFOURFHPQRKG
H =
(
H11 H12
H21 H22
)
,
UJ}FOUJG2TVPQ!tKGJ~F{{;FHGJMBS=TVUJMBSiFOGRFdT{;Q
Hˆ = JTH J =
(
h21H11 h1h2H12
h1h2H21 h
2
2H22
)
.
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jQ2QJY;~mMBP;UJ}4TVUOUJ}FmNK~mEKPFHPU
H11
M"QUJ}F {;K~mMBP4TVP	U¤NK~mEKPFHP	UZKVtﬂUJ}FmCjFQ2QJMTVPﬁ~pTVUJGJM7²
UJ}F ;GRKIFHP;MBYQ«PKGJ~ªKVt H ¹MBLBLIF.{;K~mMBP4TVURF{ IDZUJ};M"Q_NK~mEKPFHP	Ud¶ ‖H‖F & |H11|
@6³}FQ2TV~F
}KL"{;QtKGﬂUJ}FUJG2TVPQJtuKGJ~F{1~pTVUJGJM7²M7tUJ}F~FQR}QJMBxdFQ
h1 ≈ h2 TVGRFKVt«QJMB~mMBLTVG~pTV=P;MBUJY{;F=@ ¯P
KGR{;FHGOURKGRF{YNFmUJ}F E;GRKVJFNHUJM"KPFHGJGRKGd UJ}F ;GRKIFHP;MBYQOPKGJ~ KVtﬂUJ}F UJG2TVPQ!tuKGJ~F{{;FHGJMBS=TVUJMBSiF
}4TQ URKWIF GRF{YNF{ ¹};M"NR} NdTVP9IF {;KPF<ID®GRF{YNHMBP;UJ}F<~FQJ}vQJMBxdFQd@  U*M"Q KISM"KYQ UJ}4TVU
tuKG-UJ}F[NdTQRFZKVt KPFZ{;K~mMBP4TVPUONK~mEKPFHPUjMBUM"Q-~K=QJU-F	
pNHM"FHPUjURKmGRF{YNF¤UJ}FZNKGJGRFQJEKP{MBP;
~FQJ}QJMBxdF=MBP1UJ}FOQJU2TVURF{1F²TV~mE;L"FGRF{YNHMBP;pKP;LBD
h1
¹.KY;L"{}4TSiF[TVLB~K=QJUUJ}FOQ°TV~FOF	FNHUKP
GRF{YNHMBP;pUJ}FOFHGJGRKGUJ}4TVPWGRF{YNHMBP;pIKUJ}
h1
TVP{
h2
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KIQRFHGJS=TVUJM"KPQTVGRFjUJGJYFjtKG.iFHPFHG2TVL FHL"FH~FHPURQTQ¹.FHLBL¶ﬁ¯t£UJ}F{;FHGJMBSTVUJMBSiFcM"QF²;NFHE;UJM"KP4TVLBLBD LTVGJiF
MBPKPF {MBGRFNHUJM"KP  GRF{YNHMBP;UJ}F*~FQJ}QJMBxdF*MBPﬁUJ}4TVUZ{MBGRFNHUJM"KPM"QZTVPF	FNHUJMBSiFQJUJG2TVURFH=Di¹};MBL"F
GRF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 Q TQREFNHU6G2TVUJM"K;@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{ {;FHGJMBST
UJMBSiFZ}4TQcNK~mEKPFHPURQjKVt QRMB~mMBLTVG-~pTV=P;MBUJY{;F¤MBPzTVLBL{MBGRFNHUJM"KPQdUJ}F[FHL"FH~FHPU QOTQJEFNHUjG2TVUJM"KM"Q
TVLBGRFdT{DKE;UJMB~pTVLt Y;GJUJ}FHGjGRFPFH~FHP	UOQJ}KY;L"{U2TVhiF[E;LTNFZM"QRKUJGRKE;M"NdTVLBLBDi@  t_KPF[NK~mEKPFHP	UM"Q
{;K~mMBP4TVP	Ud(}Kd¹ﬂFHSiFHGd(UJ}F-TQJEFNHU G2TVUJM"KOM"Q PKU DiFHU KE;UJMB~pTVLTVP{pTVP;M"Q2KUJGRKE;M"NGRFPFH~FHP	UQJ}KY;L"{
IF¤YQRF{oMBPﬁKGR{;FHGOURKpMB~mE;GRKySiF UJ}F TQREFNHUG2TVUJM"K;@O³}F FHSTVLBY4TVUJM"KPE;GRK(NFQRQcMBPNHLBY{;FQO{;FHURFHGJ~mM 
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